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Abstract 

Application of adeles in modern mathematical physics is briefly 
reviewed. In particular, some adelic products are presented. 



1 Introduction 

p-Adic numbers are invented by K. Hansel in 1897. Ideles and adeles are 
introduced by C. Chevalley and A. Weil, respectively, in the 1930s. p-Adic 
numbers and adeles have many applications in mathematics, e.g. represen- 
tation theory, algebraic geometry and modern number theory. Since 1987, 
p-adic numbers and adeles have been used in construction of many mod- 
els in modern mathematical physics and related topics. Here we consider 
applications of adeles in mathematical physics. 
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2 Adeles 



On the field Q of rational numbers any non-trivial norm is equivalent either 
to the usual absolute value | ■ |oo or to a ]9-adic absolute value | ■ \p (Ostrowski 
theorem). For a rational number x = p*^ |, where integers a and b are not 
divisible by prime number p, by definition p-adic absolute value is \x\p = p^" 
and |0|p = 0. This p-adic norm is a non-Archimedean (ultranictric) one, 
because |a;-|-|/|p < max{|a;|p , \y\p}. As completion of Q gives the field Qoo = R 
of real numbers with respect to the | ■ [oo, by the same procedure one get the 
fields Qp of p-adic numbers {p — 2, 3,5 • • • ) using | • |p . Any number x & Qp 
has a unique canonical representation 

+ 00 

x^p-(-)Y,^nP'', iy{x)eZ, x„e{0,l,---,p-l}. (l) 

n=0 

Real and p-adic numbers, as completions of rationals, unify by adeles. An 
adele a is an infinite sequence 

a = (ttoo, Oi2, as, ■ ■ ■ , Oip , ■ ■ ■) , Qioo e K , ftp e Qp , (2) 

where for all but a finite set V of primes p one has that ap E Zp = {x E Qp : 
\x\p < 1}. Zp is the ring of p-adic integers. The set Aq of all adeles can be 
presented as 

A^ = [jA{V), A{V)=Rxl[Qpxl[Zp. (3) 

Endowed with componentwise addition and multiplication Aq is the adele 
ring. 

The multiplicative group of ideles Aq is a subset of Aq with elements 

V = {'noo,V2,V3,--- ■Vp:---) , where rj^ E R"" = R \ {0} and r]^ e = 
Qp \ {0} with the restriction that for all but a finite set V one has that 
r^p e Up = {a; G Qp : \x\p = 1} . Thus the whole set of ideles is 

^'(^)=K'xnQp'xnup. (4) 

•p pev p^v 

A principal adele (idele) is a sequence {x,x, ■ ■ ■ ,x, • ■ ■) E Aq , where 
X E Q {x E Q^). Q and Q^ are naturally embedded in Aq and Aq , 
respectively. 
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Let P be set of all primes p. Denote by Vi, i G N, subsets of P. Let us 
introduce an ordering by Vi -< Vj if Vi C Vj. It is evident that A(Vi) C A{Vj) 
when Vi -< Vj. Adelic topology in Aq is introduced by inductive limit: 
Aq = limindpA(7^). A basis of adelic topology is a collection of open sets of 
the form V{V) ~ Voo x Y\p^v ^ Tip^v ' where Voo and Yp are open sets 
in M and Qp , respectively. A sequence of adeles a^"^ e Aq converges to an 
adele a e Aq if (i) it converges to a componentwise and (m) if there exist 
a positive integer and a set V such that a E A{V) when n > N. 

In the analogous way, these assertions hold also for idelic spaces A^{V) and 
Aq. Aq and Aq are locally compact topological spaces. 

For various mathematical aspects of adeles one can see books [1, 2, 3]. 

3 Adelic models 

Recall that results of measurements are rational numbers, and physical mod- 
els have been treated using real and complex numbers. Since Q is dense not 
only in M but also in Qp, it has been natural to expect some applications of 
p-adic numbers in mathematical modeling of physical systems. First signifi- 
cant employment of p-adic numbers in physics started in 1987 by successful 
construction of p-adic string amplitudes. From the very beginning there has 
been an opinion that all prime numbers should be equally important and 
that p-adic models should be somehow connected with standard ones (over 
real or complex numbers). According to the Hasse local-global principle an 
equation has a solution over Q if and only if it has solutions over R and all Qp. 
These ideas naturally gave rise to an application of adeles and construction 
of adelic physical models (for an early review, see [4, 5]). 

Especially so-called adelic products have been attracted much attention. 
They are of the form 

0oo(2^i , • • • , a^n ; oi , • • • , Om) JJ (^pi^i , • • • , ; Oi , • • • , o^) = C , (5) 

where and 0p are real or complex valued functions, a;, G Q , % G 
C, and C is a constant (often C = 1). It is obvious that expressions of 
the form (5) connect real and p-adic characteristics of the same object at 
the equal footing. Moreover, the real quantity (poo{xi , • • • , ; ai , • • • , am) 
can be expressed as product of all p-adic inverses. This can be of practical 
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importance when functions 0p are simpler than (j)^^ but may also lead to 
more profound understanding of physical reality. 

For the reason of better understanding, let us first present two simple 
examples: 

kloo X JJ|x|p - 1, if X e Q"" , and Xoo(a;) x Xp(^) = 1 , if 2; G Q , 
peP peP 

(6) 

where Xoo{.x) — exp(— 27rix) and Xp{^) = exp27ri{a;}p are real and p-adic 
additive characters, respectively, and {x}p denotes the fractional part of x. 
It follows from (6) that doo{x,y) = YlpeP^p^i^'y)' where doo{x,y) = \x — y\oo 
and dp{x, y) = \x—y\p, i.e. the usual distance between any two rational points 
can be regarded through product of the inverse ^?-adic ones. One can also 
write Xooidx + bt) — HpeP Xp[~{(i^ + bt)] when a ,b ,x ,t & Q, and consider 
a real plane wave as composed of p-adic plane waves. 

Let us also notice some adelic products related to number theory: 

A»wn\w=i. (^)n(v)=^' 

peP peP ^ 

where x is presented by (1) and 

1, iy{x)^2k, p^2, 



Xp{x) = < 



P J \ P 



iy{x) =2k + l, p^2, 



(8) 



cxp [7ri(a;i + 1/4)] , v{x)=2k^ P = 2, 

cxp [7ri(a;2 + a;i/2 + 1/4)] , z/(x) = 2fc + 1 , p = 2 



X / \ ( ni \ /x,y\ f -1, X <0, y <0, 

A^(x)=exp(--sgna;), (— ) = | ^^^^^^^.^^^^ (9) 

and are Legendre and Hilbert symbols [5], respectively. 

Gauss integrals satisfy adelic product formula [6] 

Xoc,{ax'^+bx)docxY[ Xp{ax'^+bx) dpX ^ 1 , a e Q"" , 6 e Q , (10) 



p6P 

what follows from 
Jn 



Xv{o,x'^ + bx) dyX = Xy{a) \2a\v Xv^ - , v = 00 ,2 , ■ ■ ■ ,p ■ ■ ■ . 

(11) 
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These Gauss integrals apply in evaluation of the Feynman path integrals 

rx",t" 2 /■*" 

}C,(x",t";x',t')^ / ' / L{q,q,t)dt^V,q, (12) 

for kernels lCy{x" ,t" \x' ,t') of the evolution operator in adelic quantum me- 
chanics [7] for quadratic Lagrangians. In the case of Lagrangian q) = 

I ^ — ^ — A g + 1 j for the de Sitter cosmological model (what is similar to a 

particle with constant acceleration A) one obtains [8, 9] 

}C^(x",T;x',0)l[}Cp{x",T;x',0) ^1, x",x',XeQ, T e Q^ (13) 
where 

lC^{x",T;x',0) = A„(-8r) |4r|;^ (-^+[A (x"+x')-2]i+i^^^^) . 

(14) 

The adelic wave function for the simplest ground state has the form 

M^) = i^o.{x)llmx\,) = l^ 11^^^^ (15) 

where f2(|x|p) = 1 if \x\p < 1 and i7(|a;|p) = if \x\p > 1. Since this wave 
function is non-zero only in integer points it can be interpreted as discreteness 
of the space due to p-adic effects in adelic approach. 

The Gel'fand-Graev-Tate gamma and beta functions [4, 5] are: 

roo('^) — [ l^loo Xoo{x) dtx>X — —, r , 

Tp (a) = / \x\p-^Xp{x) dpx = - — ^— , (16) 
Boo{a,b)= I \x\^^^\l-x\'^U^x = T^{a)T^{h)T^{c), (17) 
Bp{a,h)= I \x\l'^\l-x\l'UpX = Tp{a)Tp{h)Tp{c), (18) 
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where a,b,c E C with condition a + b + c — 1 and ({a) is the Riemann zeta 
function. With a regularization of the product of p-adic gamma functions 
one has adehc products: 

TooW JJrp('u) = 1, B^{a,b)Y]_Bp{a,b) ^1, Uy^O,l, u^a,b,c, 

(19) 

where a + b + c — 1. It is worth noting now that Boo{a, b) and Bp{a, b) are the 
crossing symmetric standard and p-adic Veneziano amphtudes for scattering 
of two open tachyon strings. There are generahzations of the above product 
formulas for integration on quadratic extensions of R and Qp, as well as on 
algebraic number fields, and they include scattering of closed strings [4, 10]. 
Introducing real, p-adic and adelic zeta functions as 

Coo(a) = ^ exp (-TTX^) d^x = Tr't r(^) , (20) 

Cp(«) = r^^ / ^{\x\p)\x\l-UpX^—^ Rea>l, (21) 

CA(a) = Coo(a) n Cp(«) = Coo(a)C(a) , (22) 

one obtains 

Ca(1 - a) = CA(a) , (23) 

where Ca(q) can be called adelic zeta function. Let us note that exp (— ttx^) 
and n(|a;|p) are analogous functions in real and p-adic cases. Adelic har- 
monic oscillator [7] has connection with the Riemann zeta function. Namely, 
the simplest vacuum state of the adelic harmonic oscillator is the following 
Schwartz-Bruhat function: 

Mx) = 2\e--^"-' \{n{\xp\p), (24) 

whose the Fourier transform 

Mk) = / XK{kx)Mx)^2\e--^"- Y[^{\K\p) (25) 

peP 

has the same form as iPa{x). The MeUin transform of i/^Aix) is 

$A(a) = / ipAix) Ixl^'dlx 
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- / ^ocix) Ixl^-'d^xT] ^ _^ I n{\x\p)\x\''-UpX^^/2T('^)^l--^C{a) 
Jr p^-p ^ P Jqp 

(26) 

and the same for ip^ik)- Then according to the Tate formula one obtains (23). 
It is remarkable that such simple physical system as harmonic oscillator is 
related to so significant mathematical object as the Riemann zeta function. 

Recently [11] adclic properties of dynamical systems, which evolution is 
governed by linear fractional transformations 

(XX -\- h 

f{x) = -, a,b,c,d,eQ, ad - be = 1 (27) 

cx ~\~ d 

is investigated. It is shown that rational fixed points are p-adic indifferent 
for all but a finite set V of primes, i.e. only for finite number of p-adic cases 
a rational fixed point may be attractive or repelling. 



4 Concluding remarks 

We presented a brief review of some important applications of adeles in mod- 
ern mathematical physics. We considered above simple cases of adeles Aq 
consisting of completions of Q. There is also ring of adeles Ak related to the 
completions of any global field K. There is a straightforward generalization 
of Aq to the n-dimensional vector space Aq = HiLi {see, e.g. [1]). Adclic 
algebraic group G(Ak) is an adelization of a linear algebraic group G over 
completion fields Ky of a global field K [1, 2, 3]. 

For a more detail insight into this attractive and promising field of in- 
vestigations let us also mention a few additional topics. Adelic quantum 
cosmology (for a review, see [9]) is an application of adelic quantum me- 
chanics [7] to explore very early evolution of the universe as a whole. Adelic 
path integral [12] is a suitable extension of the standard Feynman path inte- 
gral and serves to describe quantum evolution of adelic objects. Conjecture 
on the adclic Tinivcrsc with real and p-adic worlds, as well as p-adic origin 
of dark matter and dark energy are discussed in [9]. Adelic summability 
[13] of perturbation series is an approach to summation of divergent series 
in the real case when they are convergent in all p-adic cases. Use of effec- 
tive Lagrangians on real numbers for p-adic strings has been very efficient in 
their application to string theory and cosmology. Paper [14] is an attempt 
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towards effective Lagrangian for adelic strings witfiout tacfiyons. Furtfier de- 
velopment of adelic analysis and, in particular, adelic generalized functions 
[6, 15, 16] is one of mathematical opportunities. 

One can conclude that there has been a successful application of adeles 
in modern mathematical physics and that one can expect a growing interest 
in their further mathematical developments as well as in applications. 
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